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Notes on the Heinz-Kato-Furuta-Uchiyama inequality
[ ] Heinz-Kato
T. Furuta, M. Uchiyama
semi-Operator monotone function
[ ] $\mathcal{H}$ $B(\mathcal{H})$
Heinz-Kato ([5, 6]) Schwatz
[ (HK)] $T\in B(\mathcal{H}),$ $0\leq A,$ $B\in B(\mathcal{H})$
$||Tx||\leq||Ax||,$ $||T^{*}y||\leq||By||$ , $\forall x,y\in \mathcal{H}$
$|\langle Tx,$ $y$) $|\leq||A^{\alpha}x||||B^{1-\alpha}y||$ ,
$\cdot$
$\forall x,$ $y\in \mathcal{H},$ $\alpha\in[0,1]$
T. Furuta [3]
[ (HKF)] $T=U|T|\in B(\mathcal{H})$ $0\leq A,$ $B\in B(\mathcal{H})$
$||Tx||\leq||Ax||,$ $||T^{*}y||\leq||By||$ , $\forall x,y\in \mathcal{H}$









[ ] (Case $\beta\neq 0$)
$||Tx||\leq||Ax||,$ $||T^{*}y||\leq||By||$
$|T|^{2}=T^{*}T\leq A^{2},$ $|T^{*}|^{2}=TT^{*}\leq B^{2}$
L\"owner-Heinz inequality
$|T|^{2\alpha}\leq A^{2\alpha},$ $|T^{*}|^{2\beta}\leq B^{2\beta}$











$\not\in\}_{\check{\iota}}$-M. Uchiyama[7] $\ovalbox{\tt\small REJECT} \mathrm{J}\backslash \mathit{1}\mathrm{A}\sigma)$ \ddagger $\dot{\mathcal{D}}[]\subset \mathrm{r}_{\mathit{1}_{\wedge}}\ovalbox{\tt\small REJECT} \mathrm{b}f_{0}^{\wedge}$.
[ (HKFU)] $T=U|T|\in B(\mathcal{H}),$ $0\leq A,$ $B\in B(\mathcal{H})$
$f,$ $g$ : $[0, \infty)arrow[0, \infty)$ ? operator monotone on $(0, \infty)$
$||Tx||\leq||Ax||,$ $||T^{*}y||\leq||By||$ , $\forall x,$ $y\in \mathcal{H}$
$|\langle Uf(|T|)g(|T|)x, y\rangle|\leq||f(A)x||||g(B)y||$ , $\forall x,y\in \mathcal{H}$ :
(HKFU) $f,$ $g$ semi-
operator monotone on $(0, \infty)$
(HK)
[ 2] $f$ : $[0, \infty)arrow[0, \infty)$ semi-Operator monotone on
$(.a, b)$ $\{f(t^{\frac{1}{2}})\}^{2}$ operator monotone on $(a^{2}, b^{2})$ $\mathrm{A}\mathrm{a}$
[ 3] $f$ : $[0, \infty)arrow[0, \infty)$ operator monotone on
$(a, b)$ semi-Operator monotone on $(a, b)$
$f(t)=\{\log(1+t^{2})\}^{\frac{1}{2}}$ semi-Operator monotone on
$(0, \infty)$ operator monotone on $(0, \infty)$
J. S. Aujla [1], J. I. Fujii, M. Fujii [2] semi-Operator monotone on
$(0, \infty)$ J. I. Fujii, M. Fujii [2]
$n$-operator monotone
[ 4] $f$ : $[0, \infty)arrow[0, \infty)$ semi-Operator monotone
on $(a, b)$ $f$ 1 1
1
[ ] $f$ semi-Operator monotone on $(a, b)$
$g(t)=\{f(t^{\frac{1}{2}})\}^{2}$ , $t\in(a^{2}, b^{2})$
operator monotone on $(a^{2}, b^{2})$ $g(t)$





$f(z^{\frac{1}{2}}) \in\Pi_{1}=\{w\in \mathbb{C}:0<\arg w<\frac{\pi}{2}\}$
$f$ 1 1 $f(\Pi_{1})\subset\Pi_{1}$
M. Uchiyama [7] $f,$ $g$ semi-Operator monO-
tone $f,$ $g$ semi-Operator monotone
(HKFU)
[ 5] $T=U|T|\in B(\mathcal{H}),$ $0\leq A,$ $B\in B(\mathcal{H})$
$f,$ $g$ : $[0, \infty)arrow[0, \infty)$ se -0perator monotone on $(0, \infty)$
$||Tx||\leq||Ax||,$ $||T^{*}y||\leq||By||$ , $\forall x,y\in \mathcal{H}$
$|\langle Uf(|T|)g(|T|)x,y\rangle|\leq||f(A)x||||g(B)y||$ , $\forall x,y\in \mathcal{H}$
[ ] $|T|^{2}\leq A^{2},$ $|T^{*}|^{2}\leq B^{2}$
$\{f(|T|)\}^{2}\leq\{f(A)\}^{2},$ $\{g(|T^{*}|)\}^{2}\leq\{g(B)\}^{2}$





$\mathit{1}^{\backslash }\mathrm{A}[] \mathrm{Z}\not\in\not\in(\mathrm{H}\mathrm{K})\sigma)\ovalbox{\tt\small REJECT} \mathrm{a}\mathrm{e}\Psi\backslash \mathrm{J}’\mathit{1}bo \mathrm{r}_{l_{\wedge}}\mathfrak{B}k\acute{\mathrm{t}}\overline{\mathrm{T}}\dot{\mathcal{D}}_{\mathrm{O}}$
[ 6] $f$ : $[0, \infty)arrow[0, \infty)$ semi-Operator monotone
on $(0, \infty)$ $f(t)\not\equiv 0$ on $(0, \infty)$ $\tilde{f}(t)=t/f(t)$
semi-Operator monotone on $(0, \infty)$
[ ] $\{f(t^{\frac{1}{2}})\}^{2}$ operator monotone on $(0, \infty)$
$0<f(t^{\frac{1}{2}})$ , $t\in(0, \infty)$
$\{\tilde{f}(t^{\frac{1}{2}})\}^{2}=\frac{t}{\{f(t^{\frac{1}{2}})\}^{2}}$
, $t\in(0, \infty)$
[4 Corollary 26] $\tilde{f}(t)$ semi-Operator monotone on
$(0, \infty)$
[ 7] $T=U|T|\in B(\mathcal{H}),$ $0\leq A,$ $B\in B(\mathcal{H})$
$f$ : $[0, \infty)arrow[0, \infty)$ semi-Operator monotone on $(0, \infty)$ $f(t)\not\equiv 0$
on $(0, \infty)$ $||Tx||\leq||Ax||,$ $||T^{*}y||\leq||By||$ , $\forall x,$ $y\in \mathcal{H}$
$\tilde{f}(t)=t/f(t)$
$|\langle Tx, y\rangle|\leq||f(A)x||||\tilde{f}(B)y||$ , $\forall x,y\in \mathcal{H}$
[ ] 6 $\tilde{f}(t)$ semi-Operator monotone on $(0, \infty)$
5
$|\langle Tx, y\rangle|=|\langle U|T|x, y\rangle|$
$=|\langle Uf(|T|)\tilde{f}(|T|)x, y\rangle|$
$\leq||f(A)x||||\tilde{f}(B)y||$ , $\forall x,$ $y\in \mathcal{H}$
[ 10] $f(t)=\sqrt{1+t^{2}}$ semi-Operator monotone on $(0, \infty)$
$||Tx||\leq||Ax||,$ $||T^{*}y||\leq||By||$ $\forall x,$ $y\in \mathcal{H}$
$| \langle Tx, y\rangle|\leq||\sqrt{1+A^{2}}x||||\frac{B}{\sqrt{1+B^{2}}}y||$
83
5 semi-Operator monotone on
$(0, \infty)$
$f(t)=0$, $\forall t\in(a, b)$
$(a, b)$
$g(t)=\{\begin{array}{l}\mathrm{a}\mathrm{n}\mathrm{y},t\in(a,b)0,\mathrm{o}\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{r}\mathrm{w}\mathrm{i}\mathrm{s}\mathrm{e}\end{array}$
$f(t)g(t)\equiv 0$ on $(0, \infty)$
5
$f(t)g(t)\not\equiv 0$ on $(0, \infty)$
5 $f,$ $g$ semi-Operator monotone
on $(0, \infty)$
[ 8] $f,$ $g:[0, \infty)arrow[0, \infty)$ $f(t)g(t)\not\equiv 0$ on $(0, \infty)$
$f,g$ 9 $f,g$ semi-Operator monO-
tone on $(0, \infty)$
[ 9] $T=U|T|,$ $0\leq A,$ $B,$ $||Tx||\leq||Ax||,$ $||T^{*}y||\leq||By||$ , $\forall x,$ $y\in$
$\mathcal{H}$ $|\langle Uf(|T|)g(|T|)x, y\rangle|\leq||f(A)x||||g(B)y||$ , $\forall x,$ $y\in \mathcal{H}$
[ ] $f(a)g(a)>0$ $a\in(0, \infty)$
$(c, d)$ $a$
$0<f(t),g(t)$ , $\forall t\in(c,d)$
$f,g$ $(c, d)$ semi-Operator monO-
tone
$\tilde{f}(t)=\{f(t^{\frac{1}{2}})\}^{2},\tilde{g}(t)=\{g(t^{\frac{1}{2}})\}^{2},$ $t\in(c^{2}, d^{2})$
$C\leq D,\sigma(C),$ $\sigma(D)\subset(c^{2}, d^{2})$ $C,$ $D,$ $g(C^{\frac{1}{2}})$
84
$T=C^{\frac{1}{2}},$ $A=D^{\frac{1}{2}},$ $B=C^{\frac{1}{2}}$ 9
$||f(D^{\frac{1}{2}})x||||g(C^{\frac{1}{2}})y||\geq|\langle f(C^{\frac{1}{2}})g(C^{\frac{1}{2}})x, y\rangle|$
$=|\langle f(C^{\frac{1}{2}})x,g(C^{\frac{1}{2}})y\rangle|$ , $\forall x,$ $y\in \mathcal{H}$
$||f(C^{\frac{1}{2}})x||\leq||f(D^{\frac{1}{2}})x||$ , $\forall x\in \mathcal{H}$
$\tilde{f}(C)=\{f(C^{\frac{1}{2}})\}^{2}\leq\{f(D^{\frac{1}{2}})\}^{2}=\tilde{f}(D)$
$f(t)$ [ semi-Operator monotone on $(c, d)$ $g(t)$
} $c=0,$ $d=\infty$ $d<\infty$ $f(d)=0$ or $g(d)=0$
$f,$ $g$ [ semi-Operator monotone on $(c, d)$
$0<f(d)$ and $0<g(d)$ [
[ $0<c$ $f(c)=0$ or $g(c)=0$
[ $f(0)g(0)=0$ $f(0)g(0)>0$
$f(t)>0,g(\mathrm{t})>0$ , $\forall t\in(0, \infty)$
$A=B=(_{0}^{\sqrt{2}c}0c),$ $T= \frac{2c}{\sqrt{3}}(\begin{array}{ll}\frac{1}{2} \frac{1}{2}\frac{1}{2} \frac{1}{2}\end{array})$
$0\leq A,$ $B,$ $T$ $T^{2}\leq A^{2}=B^{2}$ $x=y=(\begin{array}{l}0\mathrm{l}\end{array})$
9
$\langle Uf(|T|)g.(|T|)x, y\rangle=\frac{1}{2}f(\frac{2c}{\sqrt{3}})g(\frac{2c}{\sqrt{3}})\neq 0$ ,
$||f(A)x||||g(B)y||=||(\begin{array}{l}0f(c)\end{array})||||(\begin{array}{l}0g(c)\end{array})||=0$
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[ 13] $f,$ $g:[0, \infty)arrow[0, \infty)$
$f(t)g(t)=t$, $\forall t\in(0,\infty)$
$f,$ $g$ 14 $f,$ $g$ semi-
operator monotone on $(0, \infty)$
[ 14] $T\in B(\mathcal{H}),$ $0\leq A,$ $B\in B(\mathcal{H}),$ $||Tx||\leq||Ax||,$ $||T^{*}y||\leq$
$||By||$ , $\forall x,$ $y\in \mathcal{H}$
$|\langle Tx,y\rangle|\leq||f(A)x||||g(B)y||$ , $\forall x,y\in \mathcal{H}$
[1] J. S. Aujla, Perturbation bounds for certain operator functions,
Math. Inequal. Appl., 4(2001), 609-617.
[2] J. I. Fujii and M. Fujii, An analogue to Hansen’s theory of gener-
alized $L\ddot{o}umer\acute{s}$ functions, Math. Japonica, 35 (1990), 327-330.
[3] T. Furuta, An extension of the Heinz-Kato theorem, Proc Amer.
Math. Soc , 120 (1994), 785-787.
[4] E. Hansen and G. K. Pedersen, Jensen’s inequality for operators
and L\"ower’s theorem, Math. Ann., 258 (1982), 229-241.
[5] E. Heinz, $Beitr\tilde{a}ge$ zur St\"omngstheorie der Spektralzedcgung,
Math. Ann , 123 (1951), 415-438.
[6] T. Kato, Notes on some inequahties for hnear operators, Math.
Ann , 125 (1952), 208-212.
[7] M. Uchiyama, $P\mathrm{h}\hslash her$ edension of the $Heinz- Kato- fi\mathrm{t}\ell mta$ in-
equality, Proc. Amer. Math. Soc., 127 (1999), 2899-2904.
86
